This paper studies visual feedback position tracking control of two-wheeled vehicles in the situation that a camera and a target object are attached to the vehicles, respectively. Here, the body velocity of the target object vehicle is modeled as a Fourier series expansion. The relative position between the camera and the target object is controlled to the desired relative position. The present control law is based only on visual measurements, and the necessary information to implement the law is estimated from them. The asymptotic stability of the equilibrium of the total system including the internal attitude behavior is analyzed under some conditions of the target object vehicle velocity via stability theory of perturbed systems. Finally, a numerical simulation is conducted to show the effectiveness of the proposed method.
Introduction
Richness of information obtained from visual sources is apparent from the dependence most people have on their sight. On the other hand, image processing techniques have been easily applicable. Therefore, integration of visual measurements and control theory has been expected to be efficient and investigated widely [1] - [9] . In this work, we mainly focus on tracking control based on visual information. This theory is expected to be applied to some kinds of robots such as helicopters [4] , quadrotors [5] , underwater vehicles [6] and two-wheeled vehicles [7] - [9] for practical situations.
One of our previous research [10] proposes visual feedback relative pose (position and attitude) estimation/control structure. In this previous work, L 2 -gain analysis is conducted to evaluate the tracking error in the case that the object moves at unknown velocity. On the other hand, the paper [11] studies a novel estimation mechanism integrating a target object velocity model to estimate the target velocity without errors as the extension. Here, the target velocity model is constructed as a Fourier series expansion.
However, these papers [10] , [11] assume that a camera and a target object can move omnidirectionally. Therefore, these proposed methods cannot be applied to various kinds of robots mentioned above although these robots are widely used in practice. For this reason, this paper proposes a position tracking control scheme of two-wheeled vehicles based on the visionbased estimation mechanism. In terms of control theory, twowheeled vehicles are classified as nonholonomic systems. Due to the constraints of motion, it is well known that control of nonholonomic systems has some difficulties [12] .
In this paper, we consider the case that a camera and a target object are attached to two-wheeled vehicles, respec-tively. Then, we propose a visual feedback position tracking control law for the camera vehicle based on look-ahead control [13] , [14] . Look-ahead control focuses on forward points of each vehicle since these positions can be controlled directly by the two kinds of (longitudinal and angular) velocity input. Based on this control, the mounting position of the camera and the desired position are set in the proposed method. We first control the relative position of the camera to the target object based on visual information. Then, the total system behavior including the internal attitude dynamics is analyzed via stability theory of perturbed systems. Finally, a numerical simulation is conducted to show the effectiveness of the proposed method.
Main contribution of this paper is summarized as follows. The proposed method estimates the target object vehicle velocity and can be applied even to the case that the target vehicle moves backward temporarily, whereas most of the previous research on two-wheeled vehicles assume the case that target trajectory velocity information can be used directly [7] , or a target vehicle moves forward at constant velocity [8] , [9] . Compared with the papers [10] , [11] , the contribution of this paper is the extension of the estimation/control mechanism to nonholonomic systems and to clarify the feature point condition for the relative pose estimation in 2D.
The structure of this paper is summarized as follows. We first formulate the visual feedback position tracking control problem in Section 2. Here, position tracking control based on full information is also introduced to explain the control structure. The visual feedback position tracking control scheme is next proposed in Section 3. Then, the total system behavior is analyzed in Section 4. Furthermore, a numerical simulation is conducted in Section 5, and Section 6 finally concludes this paper. The conference version of this paper [15] mainly provides the visual feedback position tracking and considers only the case that the target object vehicle does not rotate. As a new theoretical result, the convergence in the case that the target object vehicle rotates is also analyzed here. Moreover, the detailed theoretical analysis is provided and the simulation is improved. 
Problem Statement

Relative Rigid Body Motion
In this work, we consider a 2-dimensional position tracking system of two-wheeled vehicles as shown in Fig. 1 . Let the world frame be expressed by Σ w , and we also introduce two more frames Σ vc and Σ vo representing coordinates of two vehicles respectively equipped with a vision camera and a target object. Then, w g vc = ( w p vc , R( w θ vc )) ∈ S E(2) denotes the pose of the origin of Σ vc relative to Σ w , where p ∈ R 2 represents the position and R(θ) ∈ S O(2) represents the orientation given by the following rotation matrix 1 .
Similarly, the pose of the origin of Σ vo relative to Σ w is represented by w g vo = ( w p vo , R( w θ vo )) ∈ S E (2) . Then, the kinematics of the camera vehicle focused on in this paper is represented as follows.
Here, v c ∈ R is the longitudinal velocity and ω c ∈ R is the angular velocity of the camera vehicle. Similarly, the kinematics of the object vehicle is also described as the above equation by replacing the notation 'vc' and 'c' with 'vo' and 'o', respectively. It should be noted then that the motion of this kind of vehicles is restricted by the nonholonomic constraint (i.e. the lateral velocity is zero). Therefore, the body velocity of both vehicle coordinates Σ vc and Σ vo relative to the world frame Σ w is repre-
We next introduce the homogeneous representation of g =
and define the inverse operator of '∧' as '∨' (i.e. which means
Here, 0 n and O n denote an n dimensional column vector of zeros and an n dimensional square 1 Throughout this paper, in order to represent the orientation, the rotation matrix R(θ) or the rotation angle θ is properly used depending on situations. wġ vo ∈ R 3×3 . Throughout this paper, the camera vehicle and the object vehicle are respectively equipped with the camera and the object. Therefore, let the camera frame and the object frame be Σ c and Σ o , respectively. Then, the poses of the camera frame Σ c and the target object frame Σ o relative to the vehicle frames Σ vc and Σ vo are respectively represented by vc g c ∈ S E (2) and vo g o ∈ S E (2) . Here, we attach the camera to L c forward/backward point in the longitudinal direction of the camera vehicle (illustrated in Fig. 1 ). Similarly, we attach the object to (2) in order to estimate c g o by the vision camera in the subsequent discussion. Then, the corresponding body velocity c V b o ∈ R 3 is given by
As a result, we obtain the following Relative Rigid Body Motion (RRBM) representing the relative motion between the camera and the target object. Here, the camera vehicle body velocity w V b vc is regarded as the control input in this paper.
Visual Measurement
In this work, we consider visual feature points extracted by a pinhole camera as measurement output. Namely, we propose a pose tracking control law based only on visual measurements. Here, we note that 3D visual information compressed into 2D image plane is handled, whereas the position tracking is considered in 2D.
We first assume that the target object has k (≥ 2) feature points. The feature point positions relative to the object frame 
where f i ∈ R 2 is given as follows by perspective projection [16] (Fig. 2) .
Here, σ > 0 is the camera focal length. We now assume that the feature point coordinates p oi in the object frame Σ o are known a priori. Note then that the visual measurement f depends only on the relative pose c g o , which enables us to use the representation f ( c g o ).
Target Object Vehicle Velocity
In this paper, we suppose that the target object vehicle veloc-
to be estimated and angular frequencies w i > 0 are known a priori.
We now define the following states to express the target object vehicle velocity (4) .
can be rewritten by the following linear time invariant system.
Here, I n is the n dimensional identity matrix. It should be noted here that both of v o and ω o are expressed by the state equatioṅ x = Ax, y = Cx and the following fact holds true [11] . Fact 1. [11] Let B = C T . Then, the system described byẋ = Ax + Bu, y = Cx is passive from input u to output y with respect to the storage function S (
is a positive definite matrix given by
For simplicity, we here consider the case that both v o and ω o have the same number of the bases with common frequencies w i . However, the same argument holds true even if frequencies of v o and ω o are different from each other. 
Remark 1.
We are motivated to use a Fourier series expansion by the fact that any periodic function can be approximated by this representation. Moreover, even if a signal consists of some unknown frequencies, we might estimate the signal with satisfactory accuracy by using a higher order Fourier series expansion. Also, containing the special case that the signal is constant, this model is useful for piecewise step functions which can approximate any signals. In terms of computational costs, this linear time invariant system representation is effective for practical use even if the order is higher.
Control Objective
The goal of this paper is to design the camera vehicle body velocity w V b vc to attain the following condition based only on visual information f under the assumption (4) .
Here, p d = [p d1 p d2 ] T ∈ R 2 , p d1 + L c > 0 is the desirable value of p co (Fig. 1 ). In this paper, we call this problem visual feedback position tracking and tackle it in Section 3. And then, we analyze the total system behavior including the internal attitude dynamics in Section 4. The motivation of the attitude analysis is depicted in Fig. 3 . Even if the position tracking is achieved, the relative attitude between the camera vehicle and the object vehicle might change dynamically. Because this behavior might cause some problems, the attitude behavior should be analyzed.
Full Information Feedback Position Tracking Control
Before tackling visual feedback control, we consider a position tracking problem under the assumption that the relative pose c g o and the target vehicle velocity w V b vo are completely available for control to help understanding the control structure. Then, based on the structure here, we propose visual feedback structure in the next section.
Let us define the position control error as
Since the number of the degrees of freedom described by p f ce and c θ f o = w θ o − w θ c ∈ R is 3 and the dimension of input v c and ω c is only 2, the system is underactuated. Therefore, we first consider the control of the translation part c p o to the desired value p d with this input (we moreover analyze the behavior of the total system including the internal attitude dynamics in Section 4). Then, the total system of the position tracking control is given by
We now consider the situation that v o , ω o , R( c θ f o ) and c p o (i.e. p f ce ) are available. Then, we can replace the right-hand side of Eq. (7a) with new input u c ∈ R 2 to obtaiṅ
Here, the actual camera vehicle velocity input is given by
In this case, the L c + p d1 (> 0) forward point from the center of the camera vehicle can be controlled directly. This point is similar to the forward point of look-ahead control ( Fig. 1 ). Additionally, the system (8) is passive from the input u c to the output p f ce with respect to the storage function S f p = (1/2) p f ce 2 ≥ 0. From passivity of the system (8), let us close the system (8) with the negative feedback u c = −k c p f ce , k c > 0. This input guarantees the exponential stability of the equilibrium point p f ce = 0 2 of the closed loop system, which is equivalent to the goal (6) .
Note here that both the velocity input (9) 
Visual Feedback Position Tracking Control
In this section, we propose a tracking control law based on estimated c g o and w V b vo by using the visual information f ( c g o ) instead of the corresponding known values.
Estimation/Control Error System
Let us first build the following models to imitate the RRBM (2) and the object vehicle velocity (5) .
ep u eR ] T ∈ R 3 and u V ∈ R 3 are the observer input to be designed so that these estimates converge to their actual values.
Let us next define the estimation errors as the following equations.
Then, the estimation error system is given byġ
We approximately reconstruct the estimation error vector as
where
is the estimate of f given by Eq. (3) using cḡ o instead of c g o , and J † is a pseudoinverse matrix called Image Jacobian (see Appendix A for more detail).
We now design the observer input u V as follows.
Then, the total estimation mechanism of the relative pose and the object vehicle velocity is given by
Let us recall now that Subsection 2.5 assumes for the control law (9) that c g o and w V b vo are known, but we cannot use these values directly here. Hence, we propose the following camera vehicle velocity input constructed by the estimates instead of
Here, we use the new definition of the position control error using the estimated value as p ce = cp o − p d ∈ R 2 . We also note that the condition |p ce1 | < L c + p d1 is required to avoid the singularity. Then, the total estimation/control error system is given bẏ
Estimation of Rotation Part
We next discuss how to design the observer input u eR to achieve the estimation of the rotation part. We extract the rotation part of the estimation error system from the total error system (16) as follows.
Then, the following fact is given in [11] .
Fact 2.
[11] The estimation error system of the rotation part (17) is passive from u eR to sin θ ee with respect to the storage function S R = 1 − cos θ ee + (1/k V )S (x e,ω ) ≥ 0.
Fact 2 motivates us to close the loop by the observer input given by u eR = −k e sin θ ee , k e > 0.
Then, the following lemma holds true. 
Proof. Fact 2 and Eq. (18) mean lim t→∞Ṡ R = 0, andṠ R = 0 holds if and only if sin θ ee = 0 for θ ee ∈ (−π, π). Therefore, we consider the set
In the set S, R(θ ee ) = I 2 holds, and thus u eR = 0 andṘ(θ ee ) = O 2 also hold. Substituting these equations into Eq. (17d), we obtain 0 = −ω o + ω o = ω e . Moreover, the estimation error system has a compact invariant set because x ω is bounded. Therefore, we conclude that the trajectory asymptotically converges to the largest set {x R | θ ee = 0, ω e = 0} via LaSalle's Invariance Principle [17] .
Lemma 1 means that the correct estimation of the object vehicle angular velocity and the relative attitude is achieved.
Estimation and Control of Translation Part
We finally provide how to design the observer input u ep and the position tracking control input of the camera vehicle w V b vc . We first transform the input u ep into new input u ep as u ep = ω o p ee + u ep . We next extract the translation estimation/control error system from the total error system (16) as follows.
Here,
− k e sin θ ee p ee , and we note that Δ ee → 0 2 holds if the estimation of the rotation part is successfully achieved by Eq. (18) . Namely, lim t→∞ Δ ee = 0 2 holds true. Then, defining the state
, we obtain the following perturbed system with the perturbation term Δ ee .
Then, we consider the nominal system of Eq. (21) with Δ ee = 0 2 and the following lemma holds true. Proof. According to Fact 1, the time derivative of the storage function S p is given bẏ
Therefore, the argument holds true.
We thus propose the following estimation/control input with a control gain k c > 0 based on Lemma 2.
Then, as the main result of this work, the following theorem holds true for the object vehicle velocity (4).
Theorem 1. The input (18) and (23) for the total error system (16) locally achieves the trajectory satisfying
Proof. According to Lemma 1, Eq. (19) is achieved by applying the input (18) to the system (16) . We now regard the system (21) as a perturbed system having the perturbation term Δ ee . When the estimation of the rotation part works, the perturbation term Δ ee converges to zero. Therefore, x p asymptotically converges to zero if the equilibrium of the nominal system of Eq. (21) x p = 0 2n+5 is exponentially stable via stability theory of perturbed systems [17] . The input (23) achievesṠ p = −k e p ee 2 − k c p ce 2 ≤ 0 from Lemma 2. We thus get lim t→∞Ṡ p = 0, which means p ee = p ce = 0 2 is achieved. We consider the set S = {x p |Ṡ p = 0} = {x p | p ee = p ce = 0 2 }, where x p = {x v , x e,v , p ee , p ce }. In the set S , p ee = 0 2 and p ce = 0 2 give u ep = 0 2 , u ep = 0 2 andṗ ee = 0 2 . Substituting these equations into Eq. (20d), we obtain v e = 0. Moreover, the system has the compact invariant set because x v is bounded. Therefore, the equilibrium point of the nominal system is asymptotically stable via LaSalle's Invariance Principle. Here, we can prove that the equilibrium point of the nominal system is also exponentially stable because the system is linear. This means that the trajectory of the perturbed system (20) asymptotically converges to {x p | p ee = 0 2 , p ce = 0 2 , v e = 0}.
This result also means the asymptotic stability of the equilibrium of Eq. (21).
Then, this stability implies the existence of a positive constant δ(p d1
, which avoids the singularity of Eq. (15) . Here, t 0 represents the initial time of the system. As a result, we conclude that Eq. (24) holds. Theorem 1 means that the estimation of the object vehicle velocity and the relative pose, and the control of the relative position based on the estimates are successfully achieved. We finally show the proposed estimation/control structure in Fig. 4. 
Convergence Analysis of Total System
In this section, the convergence of the total system, namely the remaining attitude dynamics, is analyzed for some special cases. From Eq. (15), the actual velocity input to form Eq. (23) is given by
Then, the internal attitude dynamics is given by
which is zero when [V T e E R (g ee ) T p T ce ] T = 0 8 . It should be noted here that Eq. (25) is a time varying system.
Case 1: ω o = 0
We first consider the special case ω o = 0, where the object vehicle velocity w V b vo is considered as the function of the time state. Then, the total system (16) including the attitude behavior can be regarded as the system described by the states {x e , p ce , c θ o , E R (g ee ), t}. Furthermore, [x T e p T ce c θ o E R (g ee ) T ] T = 0 4n+8 is an equilibrium of the system (16) . Then, the following lemma holds true. Then, the internal attitude dynamics (25) can be written as the following equation.
Here, (26) is now regarded as a perturbed system having the perturbation term Δ v +Δ e . To apply stability theory of perturbed systems, we next consider the nominal system of Eq. (26) with Δ v + Δ e = 0. According to Lemma 3, there exists a positive constant
Note that the bound of the perturbation term is expressed by the following inequality by using the fact that | sin c θ o | ≤ | c θ o |.
allows us to employ the comparison method and the following theorem holds true. Remark 2. Differently from [8] , [9] , assuming constant forward velocity of the object vehicle, Theorem 2 lets the object vehicle go backward temporarily due to the sinusoidal functions. Here, the relative attitude converges to zero if the constant part of v o is positive (i.e. the object goes forward in sufficient time).
Case 2: v o = c v and ω o = c ω
We next investigate the attitude behavior in the special case that v o = c v and ω o = c ω . Recall here that even in this case, position tracking is achieved from Theorem 1. We now divide the system (25) into the nominal part and the perturbation term as follows.
Then, notice that the origin c θ o = 0 is not the equilibrium of the nominal system with Δ e = 0. Therefore, we change the state to shift the equilibrium point to the origin. We now define φ ∈ (−π, π] such that cos
In the case that
Then, there exist two equilibrium points such that cos(θ + e + φ) > 0 and cos(θ − e + φ) < 0 in the domain θ e ∈ (−π, π]. Here, only θ + e is stable and given by θ + e = −φ+sin −1 (L c + p d1 )c ω / c 2 v + (L o c ω ) 2 . We now denote the new stateθ ∈ (−π, π] byθ = c θ o − θ + e . Then, the differential equation (29) is rewritten as follows.
Similarly to Subsection 4.1, the total system is described by the states {x e , p ce ,θ, E R (g ee )}. Furthermore, the following theorem holds true.
Theorem 3. Suppose that the input (18) and (23) is applied to the total error system (16) with v o = c v and ω o = c ω . Then, the equilibrium point
Proof. See Appendix B. 3.
Remark 3.
In more general cases that the object vehicle velocity is described by Eq. (4), the attitude error seems to be bounded through simulations if
However the attitude behavior analysis of that case is complicated because the attitude dynamics, to be analyzed, is in a time varying form. That analysis remains a topic of our future work.
Simulation Verification
We finally verify the effectiveness of the proposed method through a simulation. Suppose that a camera with the focal length σ = 0.005 m is used and let L c = 0. It should be noted that the object vehicle moves backward temporarily. Then, we design the target velocity model as follows.
Here, the condition (28) holds and the actual object vehicle velocity frequency 1 is included in the model. Figure 5 shows the trajectories of the relative positions and their estimates. We can see from Fig. 5 that the estimation works successfully and the relative position converges to the desirable position. Namely, the control objective (6) is achieved. Figure 6 illustrates the trajectories of the relative angle and its estimate. The estimation of the relative orientation is achieved and the relative orientation eventually converges to zero as proved in Theorem 2. Figure 7 depicts the time response of the object body velocity and its estimate. We can see that the correct estimation is achieved. In summary, the present visual feedback estimation/control works successfully. Figure 8 finally shows the trajectories of the velocity input of the camera vehicle.
Conclusions
This paper has studied visual feedback position tracking control of two-wheeled vehicles with a target motion model. First, we have proposed the estimation/control structure under the situation that the object vehicle velocity is modeled as a Fourier series expansion. Then, the convergence of the total system has been analyzed under some conditions of the object vehi-cle velocity. Finally, the numerical simulation has been conducted to show the effectiveness of the proposed method. Main future work of this paper is the attitude behavior analysis for more general cases that the object vehicle velocity is given by Eq. (4). Experimental verification and applications to other kinds of robots are also included in future work.
Appendix A Image Jacobian
We discuss how to reconstruct the estimation error vector E R (g ee ) from the visual information f andf . The error of visual measurements can be calculated as
by using the first-order Taylor expansion of f i at c p i = cp i . Suppose that the error |θ ee | is small enough. Then, we obtain the following equation by using the approximation R(θ ee ) ≈ I 2 + (1/2) R(θ ee ) − R T (θ ee ) given by Rodrigues' formula. ) is the pseudo-inverse matrix of J( cḡ o ) called Image Jacobian. We note that at least 2 feature points are necessary to let J i be full column rank because J i has only 2 rows. Therefore, we now suppose that the number of the feature points is 2 and investigate the rank condition of J( cḡ o ). Then, the linearized system atθ = 0 is given bẏ
The originθ = 0 of Eq. (B. 7) is thus asymptotically stable because cos(θ + e + φ) > 0, and Theorem 3 is proved via Fact 4.
